is paper examines optimal pricing in a two-tier product and service supply chain consisting of a manufacturer and a retailer in the context of vertical competition in extended warranty in two cases: one considering the retailer's fairness concerns and one without considering the retailer's fairness concerns. A manufacturer-dominated product and service supply chain game-theoretic model on the Stackelberg model is developed to analyse how the level of vertical competition in extended warranty service and the intensity of a retailer's fairness concerns influence the optimal pricing of products and extended warranties for the manufacturer and retailer. is study finds the following: (i) Two parties of the supply chain employ differential pricing strategies for extended warranties when the retailer has fairness concerns. (ii) Compared to the same pricing strategies for extended warranty service when the retailer has no fairness concerns, the increase of competition intensity of vertical extended warranty service will enlarge the price difference of extended warranty service. Meanwhile, it is the intensity of fairness concerns that determines the influences of retailer's fairness concerns on the price difference of extended warranties. (iii) If no fairness concerns are raised, an increase in the level of vertical competition in extended warranty service would benefit both supply chain parties, rather than hurting their profit. If the retailer is fair-minded, its fairness utility increases when the intensity of the fairness concerns rises in a reasonable range and decreases when the intensity exceeds the reasonable range, but for the manufacturer, its profits will be damaged as long as the retailer raises fairness concerns.
Introduction
As market competition intensifies, the profits generated by manufacturers and retailers through traditional product production and sales are gradually reduced, which forces them to actively seek new profit drivers. A case in point is their shift to the innovative business model of offering products and related services at the same time [1] . Among a variety of services delivered along with products, extended warranties have become a new profit driver sought after by both manufacturers and retailers [2] . Unlike the traditional warranty service, an extended warranty service is a prolonged, paid warranty offered to consumers in addition to the standard warranty on a product [3] . Currently, both manufacturers and retailers have begun to offer extended warranties to obtain more profits. For example, Germanybased Siemens, Japan-based Panasonic, and other famous home appliance manufacturers sell extended warranties to consumers who purchase their products. In China, Suning, Gome, and other large home appliance retailers also offer extended warranties as a tied service for their products by leveraging their channel advantages. As a result, manufacturers and their downstream retailers in the same product and service supply chain compete fiercely with each other vertically for sales and market share of homogeneous extended warranties sales.
It is worth noting that competition in the extended warranty service market is based on products. However, the relationship between a manufacturer and a retailer within a supply chain is much more about upstream and downstream partnership regarding production and sales of specific products. is requires ensuring that both the manufacturers and retailers within a product and service supply chain obtain the optimal benefits. e key to solving this issue lies in making optimal pricing decisions for products and services. In optimal pricing decisions, the dominant manufacturer tends to play a powerful role in setting prices [4, 5] , while often leads the retailer in a weak position to raise fairness concerns. is inevitably further influences optimal pricing decisions [6] . To address the issue, this paper discusses how a retailer's fairness concerns influence the optimal pricing decisions for products and services in a product and service supply chain with vertical competition in extended warranty service.
At present, the research on extended warranties has gone beyond extended warranties offered by a single enterprise [7] [8] [9] to include multiple supply chain members. Jiang and Zhang [10] studied the impact of a retailer's extended warranties on the basic warranties from a manufacturer. Heese [11] examined the warranty strategies of manufacturers and the extended warranty strategies of retailers in the context of two competing manufacturers selling products through a common retailer. e literature [10, 11] puts its focus on the impact of a retailer's extended warranties on a manufacturer's basic warranties instead of on the pricing of extended warranties on products. Li et al. [12] compared and analysed the extended warranties provided separately by a manufacturer and a retailer within a two-tier supply chain in terms of the length, price, and profit of the extended warranties. Cohen and Whang [13] discussed the optimal pricing of products and extended warranties for manufacturers and third-party service providers in two cases: the one with the extended warranties provided by manufacturers and the other one with the extended warranties provided by third-party service providers. Li et al. and Cohen and Whang [12, 13] studied the pricing of extended warranties in a supply chain, whose members, however, do not compete with each other. Chen et al. [14] examined optimal competing and collaborating strategy in a complex supply chain consisting by two manufacturers who manufacture substitutive products and purchase a key component from the other. Chen et al. [14] studied the competition, but it is not warranty competition. In the supply chain consisting of a manufacturer providing warranties and two competing retailers providing extended warranties, Bian et al. [15] explored the pricing of extended warranties by the two retailers against the backdrop of horizontal competition between each other. is paper extends the work of Bian et al. [15] by introducing vertical competition in extended warranty between a manufacturer and its downstream retailer in a supply chain. It also considers how fairness concern of the retailer in the weak position in a product and service supply chain influences the optimal pricing of products and extended warranties. e paper also covers fairness concerns in supply chains. Camerer and aler [16] proved through the ultimatum game that people punish others for unfair behaviour even when it is costly for them to do so. Ho and Zhang [17] confirmed through experimental research that there is fairness concern behaviour in supply chain contracts. In the field of operational research and management science, research on supply chain fairness concerns generally focuses on two areas. e first one is the impact of fairness concerns on traditional supply chain contract design. Cui et al. [6] are among the first to use the mathematical model to study fairness concerns in a two-tier supply chain. ey find that when both the manufacturer and the retailer have advantageous and disadvantageous inequity aversions simultaneously, a simple wholesale price contract can make supply chain coordinated under certain conditions; Caliskan-Demirag et al. [18] extended the work of Cui et al. [6] to a nonlinear demand function and found that if both the manufacturer and the retailer have advantageous and disadvantageous inequity aversions simultaneously in a nonlinear demand setting, the supply chain members could also achieve coordination. In addition, the exponential demand function requires less stringent conditions than the linear demand to achieve supply chain coordination. Wu and Niederhoff [19] extended the analysis of supply chain fairness concerns to the random-demand newsvendor model in which they studied the impact of fairness concerns on supply chain coordination. e second attractive area of research on supply chain fairness concerns is the impact of fairness concerns on optimal pricing decisions in a supply chain. Ma et al. [20] studied the impact of a retailer's fairness concerns on recovery rates, sales efforts, and profits in a closed-loop supply chain environment where the product demand is sensitive to the retailer's sales effort. In the low-carbon supply chain setting, Zhou et al. [21] examined the impact of a retailer's fairness concerns on the supply chain pricing strategies under both cooperative advertising contracts and cooperative advertising and emission reduction cost-sharing contracts. Ma et al. and Zhou et al. [20, 21] studied the impact of fairness concerns in supply chains on optimal pricing of products, but not of services. Liu et al. [22] investigated the optimal allocation strategy of logistics service orders in a service supply chain composed of a logistics service integrator and several logistics service providers (LSPs) based on the LSPs' fairness concern preferences and demand updating. Du and Han [23] analysed optimal pricing strategies under the impact of fairness concerns in the logistics service supply chain in which the market demand is affected by the price and quality defect guarantee of logistics services at the same time. Liu et al. and Du and Han [22, 23] studied the impact of fairness concerns on the optimal pricing of services, but not of products. Wang et al. [24] considered a mobile phone supply chain (MPSC) consisting of a service operator and a handset manufacturer and analysed the influence of the nature and level of both the handset manufacturer's fairness concerns and the operator's fairness concerns on the pricing decision. Li and Li [25] analysed the impacts of a retailer's fairness concerns on the pricing of products and value-added services as well as on channel conflict in a dual-channel supply chain in which a manufacturer sells products through a direct channel and also through a traditional retail channel in which the manufacturer's downstream retailer has fairness concerns and provides value-added services to consumers. Wang et al. [24] and Li and Li [25] studied the impact of fairness concerns on the pricing decisions for both products and services, but without considering service competition. is study extends the current literature by investigating the optimal pricing of products and services at the same time in a product and service supply chain with vertical competition in extended warranty service.
Drawing on the extant literatures, this paper considers retailers' fairness concern preference and the intensity of vertical competition in extended warranty service between retailers and manufacturers when studying the optimal pricing decisions for products and services in a product and service supply chain composed of a manufacturer and retailer. We intend to answer the following questions.
What are the optimal pricing decisions for products and services in a product and service supply chain when the retailer does not have fairness concerns?
What are the optimal pricing decisions for products and services in a product and service supply chain when the retailer has fairness concerns compared with no fairness concerns considered?
How do the level of the retailer's fairness concerns and the level of vertical competition in extended warranty service affect the optimal pricing of products and services in a product and service supply chain? e rest of this study is organized as follows. In Section 2, the assumptions and questions related to this paper are described. In Section 3, the model used in this paper is solved in two situations: when the retailer has fairness concerns and when the retailer has no fairness concerns. e optimal pricing strategies for products and services in a product and service supply chain in both situations are analysed. Section 4 verifies the main conclusions of the paper using numerical examples. Conclusions and future work are presented in the last section.
Model Assumptions
We consider a two-tier product and service supply chain consisting of a manufacturer and a retailer. In the supply, consumers purchase products from the retailer to satisfy their needs, the retailer orders products from the manufacturer based on the consumers' needs, and the manufacturer strives to manufacture products to meet the retailer's order requirements. is creates a supply-demand flow of products. Beyond that, the supply chain also has a supply-demand flow of extended warranties on the products. To better meet consumer demand and improve user experience, both the manufacturer and retailer can provide homogeneous extended warranties. is means that there is vertical competition in an extended warranty service between the manufacturer and its downstream retailer in the supply chain.
In Figure 1 , w and p sm are the product wholesale price and extended warranty service price determined by the manufacturer, respectively. p p and p sr are the product retail price and extended warranty service price determined by the manufacturer, respectively.
We assume that the market demand for a specific product from the manufacturer and the retailer is D p � a − p p , where a (a > 0) is the market size. is additive demand function has been widely used by Chen et al. [26] and in other literature. Since consumers decide whether to purchase an extended warranty service only after purchasing a product, their demand for extended warranties is surely not higher than their demand for products. Without loss of generality, the demand for a specific extended warranty service from the retailer and the manufacturer can be expressed as follows:
where β (0 < β < 1) is the level of vertical competition in extended warranty service between the manufacturer and retailer.
is paper focuses on analysing how the level of vertical competition in extended warranty service and a retailer's fairness concern preference affect the optimal pricing of products and services of the retailer and manufacturer. For ease of exposition, the manufacturer's cost of production and the retailer's cost of sales can be set to zero [27] . In addition, the service costs of the manufacturer and retailer depend primarily on their respective service capabilities, which usually remain unchanged within a certain period of time, so the service costs of both parties can also be set to zero [27] .
From the above description and assumptions, the manufacturer's profit function can be expressed as follows:
e retailer's profit function given as follows:
As discussed in the work of Wu and Niederhoff [19] on fairness concerns, if the retailer has fairness concerns, it determines its optimal product retail price and extended warranty service price with the aim of maximizing its utility U r , and the manufacturer determines its optimal product wholesale price and extended warranty service price with the aim of maximizing its own profit. When the retailer is fair-minded, its utility function is
is the intensity of the retailer's fairness concerns. en, the utility function of the fair-minded retailer can be specified as follows:
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Optimal Decisions of Manufacturer and Retailer without
Fairness Concerns. In the partnership between the manufacturer and the retailer, the manufacturer decides the wholesale price w of a specific product, the retailer decides the product sales price p p , and then the manufacturer and retailer decide their extended warranty service price p sm and p sr , respectively. e inverse solution method, which has been widely used by Zhang et al. [28] and Fu et al. [29] , is adopted. e optimal profit functions of the manufacturer and retailer are given as follows:
e second-order derivative of equation (5) with respect to p sm and the second-order derivative of equation (6) with respect to p sr are d 2 π m p sm dp 2 sm � − 2, d 2 π r p sr dp 2 sr � − 2.
It can be seen that both π m (p sm ) with respect to p sm and π r (p sr ) with respect to p sr meet the first-order optimality condition. Hence, we have
Based on equations (8) and (9), the optimal extended warranty service price for the manufacturer and the retailer is
Substituting p * sm and p * sr into the profit function of the retailer, we can have
e second-order derivative of equation (11) with respect to p p is
Since 0 < β < 1, it follows that β 2 − 4β + 3 > 0. en, it is easy to prove d 2 π r (p p )/dp 2 p < 0. us, π r (p p ) with respect to p p meets the following first-order optimality condition:
Solving equation (13), we can get the retailer's optimal product retail price as follows:
Likewise, substituting p * sm , p * sr , and p * p into the profit function of the manufacturer, we can have
e second-order derivative of equation (15) with respect to w is
Since 0 < β < 1, it is easy to prove when 0 < β < 2 − ( � 6 √ /2), the second-order condition d 2 π m (w)/dw 2 < 0. In this case, based on the first-order optimality condition, we can get the manufacturer's optimal product wholesale price the expressions corresponding to p * p , p * sm , and p * sr , we can obtain w * � a(β 2 − 4β + 2)/(2β 2 − 8β + 5), p * p � 3a(β 2 − 4β + 2)/2(2β 2 − 8β + 5), and p * sm � p * sr � a(2 − β)/2(2β 2 − 8β + 5) From the above analysis, we propose the following proposition. Proposition 1. Without fairness concerns, both the manufacturer and the retailer can arrive at optimal pricing decisions. e optimal wholesale price and extended warranty service price determined by the manufacturer are
e optimal retail price and extended warranty service price determined by the retailer are
Proposition 1 shows that when the retailer has no fairness concerns, both the manufacturer and the retailer can make their optimal pricing decisions, and both parties adopt the same extended warranty service pricing strategy. is means that the vertical competition in extended warranty service between the two parties without fairness concerns does not result in differential pricing of extended warranties. Based on the analysis of Proposition 1, this paper explores how the potential market size of a product and the level of competition in extended warranty service on the product affect optimal pricing decisions of both the manufacturer and the retailer. e first-order partial derivatives of w, p p , p sm , and p sr with respect to a and β are calculated, and the following inference is obtained.
If the retailer has no fairness concern, the manufacturer's product wholesale price w and extended warranty service price p sm and the retailer's product retail price p p and extended warranty service price p sr exhibit the following relationships with product market size a and the level β of competition in extended warranty service:
Inference 1 indicates that an increase in product market size leads both the manufacturer and the retailer choose to increase the price of their products and extended warranties. As the competition in extended warranty service between the two parties intensifies, they tend to lower the product price as optimal decisions. is price reduction, however, is often accompanied by an increase in the extended warranty service price, meaning that stiffer service competition without fairness concerns contributes little to increasing consumer benefits. Proposition 2. If the retailer has no fairness concerns, the relationship between the profits of the manufacturer and the retailer and the level of competition in extended warranty service satisfies the following conditions: zπ m /zβ > 0, zπ r /zβ > 0.
Proof. Substituting w * , p * p , p * sm , and p * sr into equation (5), we can have
Since 0 < β < 1, β 2 − 4β + 4 > 0 is always true. To ensure that the manufacturer's profit is not less than its retained profit, namely, π m ≥ 0, the constraint condition 2β 2 
On the premise of satisfying constraint condition
Similarly, substituting w * , p * p , p * sm , and p * sr into equation (6), we can have
e partial derivative of equation (21) with respect to β is
erefore, Proposition 2 is proven. From Inference 1 and Proposition 2, it is clear that increasing vertical competition in an extended warranty service between a manufacturer and a retailer which has no fairness concerns leads the manufacturer to lower its product wholesale price and raise its extended warranty service price as the optimal pricing strategy. e same is true of the retailer. e reduction by the manufacturer in product wholesale prices can motivate the retailer to order more products from the manufacturer, and a lower retail price means a higher demand for a specific product, thereby increasing the sales revenue of the two parties. On the other hand, as vertical competition in the extended warranty service intensifies, the optimal decision of both the manufacturer and the retailer is to increase the service price with the aim of increasing the revenue from the service. From the above analysis, we can reach a counterintuitive conclusion: tougher competition in an extended warranty service increases the benefits of both the manufacturer and the Mathematical Problems in Engineering retailer, instead of harming their interests. However, this inevitably damages the benefits of end users. □
Decisions and Profits of Supply Chain Members with the
Retailer Having Fairness Concerns. If a retailer is sensitive to fairness, it determines its retail price and extended warranty service price of a product with the goal of maximizing its utility U r , and the upstream manufacturer still determines its wholesale price and extended warranty service price of the product with the aim of maximizing its own profit. erefore, despite the retailer's fairness concern, the profit function for the manufacturer remains the same as equation (5) and can be rewritten as follows:
As discussed in [19, 23] , the utility function of the fairminded retailer is
where λ 0 � λ/(1 + λ) (λ denotes the retailer's fairness preference). Referring to equations (24) and (6), we can get the following utility function of the fair-minded retailer:
Following the same logic of analysing optimal pricing decisions without fairness concerns, calculate the first-order and second-order derivatives of equation (23) with respect to p sm and calculate the first-order and second-order derivatives of equation (25) with respect to p sr . Combining the two first-order optimality conditions, we can derive the optimal extended warranty service price:
Substituting p F * sr and p F * sm into equation (25), we can have max
Following the same logic of solving p * p to determine the retailer's optimal retail price for the objective function (27), we can have
Substituting p F * sr , p F * sm , and p F * p into equation (23), we can have
Following the same logic of solving w * to determine the manufacturer's optimal wholesale price for the objective function (29), we can have
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Substituting w F * into the equations corresponding to p F * sr , p F * sm , and p F * p , we can obtain the retailer's and manufacturer's optimal prices:
Based on the above analysis and the analysis of Proposition 1, we propose the following proposition.
Proposition 3. If the retailer is fair-minded, both the manufacturer and the retailer can arrive at optimal pricing decisions. e optimal wholesale price and extended warranty service price determined by the manufacturer are
e optimal product retail price and extended warranty service price determined by the retailer are
Proposition 3 shows that when the retailer has fairness concerns, both the manufacturer and the retailer can make optimal pricing decisions and they adopt different extended warranty service pricing strategies. is indicates that the fairness concerns of the retailer which experiences vertical competition in an extended warranty service with the manufacturer lead to differential pricing of the service.
Based on the analysis of Proposition 3, this paper investigates how the potential market size of a product, the level of competition in extended warranty service on the product, and the retailer's fairness preference influence the optimal pricing decisions of both the manufacturer and the retailer. e first-order partial derivatives of w F , p F p , p F sm , and p F sr with respect to a, β, and λ are calculated, and the following inference is obtained.
If the retailer has fairness concerns, the manufacturer's optimal product wholesale price and extended warranty service price and the retailer's optimal product retail price and extended warranty service price exhibit the following relationships with product market size a and the level β of competition in extended warranty service:
Proof (i) e partial derivatives of w F with respect to product market size a and the level β of competition in Mathematical Problems in Engineering 7 extended warranty service are obtained. It is easy to prove zw F /a > 0, zw F /β < 0. To determine the sign of zw F /λ, the partial derivative of w F with respect to λ 0 is calculated as follows:
(ii) Solving the partial derivative of retail price p F p with respect to product market size a, we can have zp F p /a > 0. Solving the partial derivative of retail price p F p with respect to the level β of competition in extended warranty service, we can have
where
, it is easy to prove j > 0. Hence, zp F p /β � − ja/4k 2 < 0. To determine the sign of zp F p /λ, the partial derivative of p F p with respect to λ 0 is calculated as follows:
where φ � (λ 0 − 1) 2 β 4 + (λ 2 0 − λ 0 )β 3 + (λ 2 0 + (13/2) λ 0 − (19/2))β 2 + (2λ 0 − 1)β + 2λ 0 + 10 and ϕ � (λ 0 − 1)β 4 − (3/2λ 0 + 5/2)β 3 − (3λ 0 + 1)β 2 − 2β − 4. Since 0 < β < 1 and λ 0 � λ/(λ + 1), it is easy to prove ϕ < 0. Hence, zp F p /λ > 0. (iii) Solving the partial derivative of the retailer's optimal extended warranty service price p F sr with respect to product market size a, we can have zp F sr /a > 0. Following the proof logic in (ii), we can derive zp F sr /β > 0, zp F sr /λ < 0. (iv) Likewise, we can derive zp F sm /a > 0, zp F sm /β > 0, zp F sm /λ < 0. e results from the analysis of Inference 1 and Inference 2 show that when the retailer has fairness concerns, market size and the level of vertical competition in extended warranty service influence the optimal pricing decisions of the manufacturer in a way similar to what they do for the retailer. is indicates that the retailer's fairness concerns do not change the direction in which market size and vertical competition in extended warranty service influence optimal pricing decisions in the product and service supply chain. Further analysis reveals that in the face of increasing intensity of the retailer's fairness concerns, the manufacturer can offset the concerns and indirectly receive compensation by lowering its product wholesale price and the retailer can improve its profits by raising the retail price. In addition, both the manufacturer and the retailer can decrease the price of extended warranties to attract consumers to purchase the service, thereby increasing their revenue. e findings from the analysis of Proposition 3 and Inference 2 suggest that the retailer's fairness concerns can lead to differential pricing of extended warranties, though they do not change the direction in which market size and vertical competition in extended warranty service affect the optimal pricing decisions of the retailer and manufacturer. It can be seen that the manufacturer and retailer may determine different extended warranty service price if the retailer is fairminded. en, how does the retailer's fairness concern affect this price difference? And is this price difference connected with the level of vertical competition in extended warranty service in the context of the retailer's fairness concerns? e following proposition will answer these questions. if the concern intensity meets λ > (1 − τ)/τ, then
Proof (i) Referring to the expressions of p F * sm and p F * sr in Proposition 3, which share the same denominator, we can tell if p F * sm is larger or smaller than p F * sr only by comparing (β + 2) against [2 − β(λ 0 − 1)]. Since 0 < β < 1, p F * sm > p F * sr is proven. (ii) In the discussion on the relationship between the difference in extended warranty service price and the level of competition in extended warranty service, the price difference is expressed as follows: 
e partial derivative of p F * sm − p F * sr with respect to β is
erefore, Proposition 4(iii) is proven.
Proposition 4(i) shows that when the retailer has fairness concerns, the manufacturer tends to develop a differential pricing strategy in which it offers a specific extended warranty service at a price above that of the retailer, thereby shifting some of the consumer demand for the service to the retailer to compensate the retailer. Proposition 4(ii) implies that generally, the higher the level of vertical competition in an extended warranty service between the manufacturer and retailer, the greater the price difference in the extended warranty service provided by the two parties. is is mainly because increasing competition between the two parties means a greater negotiation power of the retailer, which forces the manufacturer to surrender part of its profits to the retailer by increasing its own extended warranty service price. From Proposition 4(iii), it can be seen that the intensity of the retailer's fairness concerns directly affects the differential pricing strategy for an extended warranty service subjected to vertical competition with the manufacturer. If the intensity of the retailer's fairness concerns is less than a certain threshold (0 < λ < (1 − τ)/τ), they will not draw considerable attention from the manufacturer. Instead, an increase in the intensity of the fairness concerns will narrow the price gap in the extended warranty service between the manufacturer and retailer. is means that a higher intensity of the retailer's fairness concerns will reduce its own revenue from the extended warranty service. If the intensity of retailer's fairness concerns is greater than the threshold (λ > (1 − τ)/τ > 0), increasing intensity of the retailer's fairness concerns implies a greater difference in extended warranty service price between the manufacturer and retailer, and the greater the price difference, the more likely the retailer is to improve its revenue from the extended warranty service. ω) , then zU F r /zβ < 0, zU F r /zλ > 0; if the concern intensity meets ω/(1 − ω) < λ, then zU F r /zβ > 0, zU F r /zλ < 0, where ω � (2β 4 + β 3 − (13/2)β 2 − 2β − 2) + � � Δ √ /2 (β 4 +β 3 + β 2 ) and Δ � 9β 6 + 41β 5 + 209/4β 4 + 6β 3 − 10β 2 +8β + 4.
Proof
(i) Substituting optimal product prices w F * and p F * sr and optimal extended warranty service prices p F * sm and p F * p into the manufacturer's profit function (23), we can have
Mathematical Problems in Engineering e first-order partial derivative of equation (40) with respect to the level β of vertical competition in extended warranty service is
erefore, zπ F m /zβ > 0 is proven. Likewise, the first-order partial derivative of equation (40) with respect to λ 0 is
where ψ � (
it is easy to prove that 0 < ψ is always true. Hence, zπ F m /zλ 0 < 0. en, since λ 0 � λ/(λ + 1), zπ F m /zλ < 0 is proven. (ii) Substituting w F * , p F * sr , p F * sm , and p F * p into the retailer's utility function (25) , we can have
where η � (
To analyse the relationship between the retailer's utility function and the intensity of its fairness concerns, the firstorder partial derivative of equation (43) with respect to λ 0 is calculated as follows:
where σ � (β 8 − β 7 − 5β 6 − 6β 5 − 4β 4 )λ 3 0 − (3β 8 + 2β 7 − (17/2)β 6 + (25/2)β 5 + 37β 4 + 30β 3 + 20β 2 )λ 2 0 + (3β 8 + 7β 8 − 8β 6 − 15β 5 + 4β 4 − 46β 3 − 76β 2 − 24β − 16)λ 0 − β 8 − 4β 7 + (9/2) β 6 + (15/2)β 5 + 37β 4 − 56β 2 − 24β − 16. Since 0 < β < 1, 0 < λ 0 < 1, it is easy to prove that σ < 0 is always true. It follows that the numerator in equation (44) is negative. To determine the sign of zU F r /zλ 0 , only the sign of η needs to be considered. Since the root on the left side of equation η � 0 is
where Δ � 9β 6 + 41β 5 + (209/4)β 4 + 6β 3 − 10β 2 + 8β +4 > 0, we assume that the root on the right side is
. It follows that if 0 < λ 0 < ω, then η < 0. It is easy to prove zU F r /zλ 0 > 0. Furthermore, since λ 0 � λ/(λ + 1), equivalent to zU F r /zλ > 0, we have 0 < λ < ω/ (1 − ω) . Likewise, when ω < λ 0 , equivalent to ω/(1 − ω) < λ, we have zU F r /zλ < 0. Following the logic of analysing the relationship between the retailer's utility function and the intensity λ of its fairness concerns, we can determine the relationship between the retailer's utility function and the level β of vertical competition as follows: when 0 < λ < ω/(1 − ω), we have zU F r /zβ < 0; when ω/(1 − ω) < λ, we have zU F r /zβ > 0.
□
Proposition 5(i) shows that when the retailer has fairness concerns, the manufacturer's profit increases with the level of vertical competition in extended warranty service. Moreover, given Proposition 2, it can be seen that the retailer's fairness concerns do not change the way that the competition level influences the manufacturer's profit. On the other hand, as the retailer's fairness concern intensifies, the profits obtained by the manufacturer decrease. Considering Inference 2, the main reason for this situation is that in the face of increasing intensity of the retailer's fairness concerns, the manufacturer tends to lower product wholesale price so that the retailer receives indirect compensation. Another ideal solution for the manufacturer is to reduce extended warranty service price to attract consumers to purchase the service. In this case, a retailer that has a strong sense of fairness of concern may also choose to reduce extended warranty service price. However, the findings from the analysis of Proposition 4(i) show that retailers always offer extended warranties at a lower price than that of manufacturers. In summary, retailers' fairness concerns negatively affect the profit of manufacturers. e greater the intensity of the fairness concerns, the lower the profit of manufacturers.
Proposition 5(ii) shows that compared to the impact of vertical competition level on a retailer's performance without fairness concerns, an increase in vertical competition level in the context of the retailer's fairness concerns does not always enhance the utility of the retailer. When the intensity of the fairness concerns is lower than a certain threshold ω/ (1 − ω) , the utility of the retailer decreases with increasing vertical competition level, but the retailer's overall benefits increase with the intensity of the fairness concerns.
is implies that a retailer can secure benefits by increasing the intensity of its fairness concerns. When the intensity of the retailer's fairness concerns is greater than the threshold λ > ω/(1 − ω), a counterintuitive conclusion is reached: the utility of the retailer is reduced if the intensity of its fairness concerns increases. is can be explained by the results from the analysis of Inference 2 and Proposition 4(iii). Superficially, increasing intensity of the fairness concerns can lead to a bigger difference in extended warranty service price, enabling the retailer to earn more from the extended warranty. However, an increase in the intensity of the fairness concerns beyond the threshold brings about a higher product retail price. is is not conducive to increasing the retailer's revenue from the product. Since product sales are the source of the revenue from extended warranties, the utility of the fair-minded retailer will decrease.
Analysis with Numerical Examples
To verify the propositions and inferences in Section 3, numerical examples are used to further analyse how the level β of competition in extended warranty service between a manufacturer and a retailer and the intensity of the retailers fairness concerns λ influence the pricing strategies of both parties for products and extended warranties. First, let a � 1,
e relationships between the manufacturer's product wholesale prices w and w F and the level β of competition in extended warranty service can be determined in two situations: when the retailer has fairness concerns and when the retailer has no fairness concerns. ese relationships are shown in Figure 2 . It can be seen from Figure 2 that the greater vertical competition in extended warranty service between the manufacturer and the retailer, the lower the product wholesale price of the manufacturer. If the vertical competition is weak, the wholesale price w F when the retailer has fairness concerns is lower than the wholesale price w when the retailer has no fairness concerns. If the vertical competition is strong, the wholesale price w F when the retailer has fairness concerns is higher than the wholesale price w when the retailer has no fairness concerns. As shown in Figure 2 , when the retailer has fairness concerns, the manufacturer can determine product wholesale price based on the level of competition in extended warranty service between the two parties. e stronger the competition, the greater the wholesale price discount given to the retailer. Figure 3 shows the relationship between the extended warranty service prices p sm and p sr of the manufacturer and retailer and the level β of vertical competition in the extended warranty service without fairness concerns and the relationship between extended warranty service prices p F sm and p F sr of the manufacturer and retailer and the level β of vertical competition in the extended warranty service when the retailer is fair-minded based on the above parameters.
As can be seen from Figure 3 , regardless of whether the retailer is fair-minded, as the competition in extended warranty service between the manufacturer and retailer intensifies, both parties tend to raise the price of the service. And the greater the competition, the more obvious the rise in extended warranty service for both parties.
is is consistent with Inferences 1 and 2. When the retailer is not concerned about fairness, the manufacturer and retailer adopt the same extended warranty service pricing strategy.
When the retailer has fairness concerns, the two parties adopt differential extended warranty service pricing strategies. In this case, the manufacturer's extended warranty service price is greater than that of the retailer. In addition, the extended warranty service price of both parties when the retailer has no fairness concerns is higher than the corresponding extended warranty service price when the retailer has fairness concerns. is result verifies Proposition 3. According to Figure 3 , when the retailer has fairness concerns, the two parties can determine extended warranty service price based on the level of competition in the service. e stronger the competition, the greater the price difference in extended warranty service between the two parties. In the same way, let a � 1, β � 0.5. e relationships between the manufacturer's product wholesale price w F and extended warranty service price p F sm and the retailer's product sales price p F p and extended warranty service price and p F sr and the intensity λ of the retailer's fairness concerns can be determined, as shown in Figure 4 .
As can be seen from Figure 4 , an increase in the intensity of the retailer's fairness concerns means a lower product wholesale price of the manufacturer, a higher sales price of the retailer, and a smaller difference in extended warranty service price between the two parties. Moreover, a decrease in the intensity of the retailer's fairness concerns will widen the gap between the wholesale price and sales price and between the extended warranty service price of the manufacturer and retailer. ese refsults prove Inference 2 and Proposition 4. From Figure 4 , it is clear that when the intensity of the retailer's fairness concerns increases, the retailer can make a larger profit on each item sold and enjoy a greater price advantage in the extended warranty service market. is price advantage also helps the retailer increase its revenue.
Following the above method of assigning values to exogenous parameters, let a � 1, λ � 1, λ 0 � λ/(1 + λ) � 0.5. e relationships between the two parties' profits or utilities π r , U r , π m , and π F m and the level β of their competition in extended warranty service can be determined in two situations: when the retailer has fairness concerns and when the retailer has no fairness concerns. ese relationships are shown in Figures 5(a) and 5(b).
As can be seen from Figures 5(a) and 5(b), regardless of whether the retailer has fairness concerns, the profits or utilities of the manufacturer and retailer increase with the level of competition in an extended warranty service. In addition, the greater the competition is, the faster the profits or utilities of the manufacturer and retailer grow. is suggests that the competition in an extended warranty service between the two parties is beneficial to both parties. e result proves Proposition 2 and Proposition 5(i). Let a � 0.5 and β � 0.9. e revenue of the manufacturer when the retailer has fairness concerns and when the retailer has no fairness concerns is shown in Figure 6 .
It can be seen from Figure 6 that when the retailer has fairness concern preference, its greater fairness concerns means a lower revenue of the manufacturer, leading to a wider income gap compared with when the retailer has no fairness concern preference. is verifies Proposition 5(i). As can be seen from Figure 6 , the retailer's fairness concerns are always unfavourable to the manufacturer, and the stronger the intensity of the retailer's fairness concerns, the lower the manufacturer's revenue.
In the above parameter settings, the relationship between the utility U r of the retailer and the intensity λ of its fairness concerns can be further obtained as shown in Figure 7 .
As can be seen from Figure 7(a) , when the intensity of the retailer's fairness concerns is low and increases, the utility of the retailer gradually increases, and the greater the intensity is, the faster the utility grows. is indicates that the retailer can benefit itself from increasing the intensity of its fairness concerns. As shown in Figure 7(b) , when the intensity of the retailer's fairness concerns is high and rises, the utility of the retailer gradually decreases. Moreover, the greater the intensity, the slower the decrease in the retailer's utility. is means that as the retailer increases the intensity of its fairness concerns beyond a certain threshold, its benefit is reduced. is result provides evidence supporting Proposition 5(ii). From Figure 7 , it is clear that it is not always beneficial for a retailer to increase the intensity of its fairness concerns. Only when the intensity increases are within a certain threshold can they bring a higher utility for the retailer.
Conclusions
As the product service market grows rapidly, both manufacturers and retailers have begun to provide extended warranties. Consumers can choose to purchase an extended warranty service from either the manufacturer or the retailer. Since the manufacturers and retailers in a supply chain provide homogeneous extended warranties services, they face competition with each other. At the same time, besides considering its own earnings, a retailer pays attention to the distribution of profits in the supply chain. A lower-thanexpected profit can lead the retailer to have fairness concern preferences. is paper proposes a manufacturer-led Stackelberg game model to investigate optimal pricing strategies of manufacturers and retailers for their products and extended warranty services when the retailer's fairness concern preference. is paper further analyses how the level of vertical competition in extended warranty service and the intensity of a retailer's fairness concerns influence the optimal pricing of products and extended warranties and profits for the manufacturer and retailer. Figure 4 : Relationships between product wholesale price w F , product sales price p F p , extended warranty service price p F sm , p F sr , and λ. is paper presents the following findings. Firstly, when the retailer has no fairness concerns, the retailer and the manufacturer share the same optimal extended warranty service pricing strategies. And increasing competition in extended warranty service between the two parties leads to a higher consistent extended warranty service price and a lower retail price. In contrast, when the retailer has fairness concerns, the retailer and the manufacturer develop differential pricing strategies for an extended warranty service as their optimal choice. In this case, the manufacturer tends to set an extended warranty service price higher than that of the retailer to surrender part of its profits to the retailer and offset the retailer's concern about unfairness. Secondly, the difference in extended warranty service price between the two parties is affected by the level of competition in the extended warranty service and the intensity of the retailer's fairness concerns. Increase in vertical competition in an extended warranty service will always widen the price gap Figure 5 : (a) Relationships between π r , π m , and β; (b) Relationships between U r , π F m , and β.
in the extended warranty service between the manufacturer and retailer. e impact of the intensity of the retailer's fairness concerns on this price gap depends on the intensity itself. When the intensity of the retailer's fairness concerns is less than a certain threshold, an increase in the intensity of the fairness concerns will narrow the price gap in the extended warranty service between the manufacturer and retailer. When the intensity of the retailer's fairness concerns is greater than the threshold, increasing intensity of the fairness concerns implies a greater difference in extended warranty service price between the two parties. irdly, the results from further analysis of the profit of both parties show that when the retailer has no fairness concerns, its competition with the manufacturer in extended warranty service will increase the income of both parties, rather than harming their interests. In comparison, a higher intensity of the retailer's fairness concerns always harms the interests of the manufacturer. For the retailer, only when the intensity increases are within a certain threshold can it improve its utility.
is paper considers vertical competition in extended warranty service in a product and service supply chain consisting of only one retailer and one manufacturer. In reality, a manufacturer may also distribute the same product through multiple retailers, which may experience horizontal competition in an extended warranty service with each other. is issue can be further examined through vector equalization [30] [31] [32] . Future research can be done on pricing strategies in a product and service supply chain involving multiple retailers competing with each other horizontally in an extended warranty service in the context of fairness concerns.
Data Availability
e data generated and/or analysed during the current study are available from the corresponding author on reasonable request. 
Conflicts of Interest
